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In the following paper a number of theorems are proved on unitary 
representations of Abelian groups. The hypotheses of the theorems 
involve some sort of uniform continuity condition. The results have a 
more or less negative character, assuring us that uniform continuity 
is indeed a very strong condition. 
Theorem 1 gives a characterization of the maximal C*-algebra ‘11 
on a Hilbert space $ which: (i) is invariant under the automorphisms 
T --+ U(s) TU(- s), f or every strongly continuous one-parameter 
unitary group U(S); ( ) ii on which the above automorphisms are 
continuous in the uniform topology on 21 as a function of s. Let U(a) 
be a strongly continuous unitary representation of a locally compact 
Abelian group G. Theorem 2 gives a necessary and sufficient con- 
dition, in terms of the automorphisms T -+ U(a) TU(a-l) of all 
bounded operators, for U(a) to be uniformly continuous. Theorem 3 
generalizes a well-known condition for the uniform continuity of 
one-parameter unitary groups to arbitrary locally compact abelian 
groups. Various corollaries are derived along the way from these 
results. 
Some notation and conventions: 5 denotes a complex Hilbert space, 
L(8) all bounded operators on $5; “operator” means “bounded opera- 
tor”; all topological groups are HausdorE 
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A CHARACTERIZATION OF A CERTAIN C*-ALGEBRA OF OPERATORS 
Theorem 1 gives a criterion for an operator to be a sum of a scalar 
and a compact operator. 
THEOREM 1. Let T EL@). Then 
11 U(s) TU( - s) - T /I -+ 0 (s -+ 0) (1) 
for every strongly continuous unitary group U(s) if and only if T has the 
form T = olI + Q, where 01 E C’ and Q is a compact operator. 
Proof (suficiency) . It suffices to prove the assertion when T is 
an operator of finite rank. If (1) holds for T, (n > 1) and 
II T, - T II - 0 (n t + co>, th en a simple approximation argument 
shows that (1) holds for T also. Since the operators of finite rank are 
uniformly dense in all compact operators it follows that we may 
restrict our attention to these. But if T has finite rank n, then 
T = CT=, Tzi,l/i for some vectors xi ,..., x, , yr ,..., yn , where 
T,,&) = (~3 x> y. A n e ementary 1 computation shows 
II W) T,,J(- 4 - Tz,, II 
< II x II * II w Y -Y II + II y II * II U(s) x - x II - 0 (s -+ 0). 
Proof (necessity). Note that if (1) holds for T and S, it also 
holds for T*, LYT(OI E C’), and 5’ + T. Hence, by decomposing T into 
its symmetric and skew-symmetric parts, we may assume T is self- 
adjoint. 
Let E(a) be the spectral measure on the Bore1 subsets of the reals 
associated with T. Let B and C be Bore1 subsets of the reals with 
distance greater then E. Then both E(B) and E(C) cannot have 
infinite rank, for suppose otherwise. Let e, , e2 ,... be a c.o.n.s. (com- 
plete orthonormal system) for E(B) (sj), and fi, f2 ,... a c.o.n.s. for 
E(C) (a. 
Since T maps each of these subspaces into itself, 
Te, = c aiiei , 
j>l 
Tfi = 1 btijfj 3 
jP1 
for some aii , bij E C’ (i, j 2 1). 
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Define a strongly continuous one-parameter unitary group 71(s) 
on 5 as follows: 
and 
U(s) is the identity on (I - E(B u C)) (fi), 
U(s) : e, -+ cos me, + sin nsf, , 
U(s) : fn -+ - sin rise, + cos nsf, . 
An elementary computation shows that 
U(- s) TU(s) en = C [( cos ns cos jsanj + sin ns sin jsbnj) ej 
j>l 
+ (sin ns cos jsbnj - cos ns sin jsa,,) fJ. 
Consideration of the coefficient off, leads to the inequality 
i/ (U( - s) TU(s) - T) en II2 > sin2 ns co2 ns(a,, - bn,J2 > t c2 sin2 2ns, 
noting that arm = (Te, , e,> and b,, = (Tf, , fn). Hence, 
lim 11 U(- s) TU(s) - T 11 > l- rm sup $ e2 sin2 2ns = 4 G > 0. 
s-to wo n21 
This is a contradiction; therefore either E(B) or E(C) has finite 
rank. Since this holds for every pair of Bore1 sets B and C of the reals 
with positive distance, the spectrum of T is discrete and has at most 
one limit point, say a (if it exists). If 01 does not exist, then T has finite 
rank and the theorem is proved in this case. If (Y does exist, let F(a) 
be the spectral measure on the Bore1 subsets of the reals associated 
with the self-adjoint operator T - oil. If B is a Bore1 set which is 
bounded away from the origin, thenF(B) has finite rank. Further, 0 is 
the only limit point of the spectrum of T - ol7. As is well-known, 
this implies that Q = T - CJ is compact. Therefore 
T = cd + (T - cd) = orI + $3, 
where a: E R’ and Q is compact. 
The following corollary is immediate. 
Q.E.D. 
COROLLARY 1. Let 21 be a C*-subalgebra of L(B) which contains 
the scalars and all operators of finite rank. Suppose further that, for 
every strongly continuous unitary group U(s), the induced automorphisms 
T + U(s) TU( - s) on L(s) map ‘u into itself and are continuous in the 
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uniform topology on U. Then 21 consists precisely of all operators which 
may be expressed as the sum of a scalar and a compact operator. 
UNIFORM CONTINUITY AND UNITARY REPRESENTATIONS 
OF ABELIAN GROUPS 
In this section a sort of converse to the idea of Theorem 1 is proved 
in Theorem 2. A number of easy corollaries are drawn from Theo- 
rem 2. 
It is well known that a strongly continuous one-parameter unitary 
group is uniformly continuous if and only if its self-adjoint generator 
is bounded. A natural generalization of this is proved in Theorem 3. 
THEOREM 2. Suppose G is a topological group and U(a) is a unitary 
representation of G on 5. If U(a) is uniformly continuous then 
11 U(a) TU(a-l) - T 1) + 0 (a --t e) for all T EL(~). 
Conversely, suppose G is locally compact Abelian and the topology of G 
satisJies the first axiom of countability. If U(a) is strongly continuous and 
1) U(a) TU(a-l) - T II -0 ( a --+ e) for all T EL($), then U(a) is 
uniformly continuous. 
Proof. The first assertion follows from a simple approximation. 
For the proof of the second, note that by the generalized Stone Theo- 
rem 
U(a) = j b(a) dI?(b) 
d 
for some spectral measure E(s) on the Bore1 subsets of the dual 
G of G. Let B be the support of ,!?(a) in G. The theorem will be proved 
if we can show 
sup I&a) - 1 1 --f 0 
6.51) 
as a -+ e, (2) 
by inspection. If the relation (2) does not hold, there exists a sequence 
(recalling that the topology of G is “first-countable” at e) a, -+ e and 
6, E fi such that 
lhG?J-1I~4~>o (n 2 1). 
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For n b 1, there exists an integer m = m(n) such that 
This follows from the inequalities 
By choosing m large enough, 
and the inequality (3) follows. 
Hence, by replacing (cz~} by a subsequence of necessary, we may 
assume: 
(4 SUPl<p <?I I kd%J - &bL> I 2 36 
(b) all a, (n > 1) are contained in K, a compact neighborhood of 
e in G. 
Define open neighborhoods V, of 6, by 
V, = [6 E G ) sup 1 6(k) - 6,(k) 1 < c]. 
By (a), V, n V, = (b if n f m, so P, == l?(V,J (m > 1) are mutually 
orthogonal nontrivial projections in 6, Let e, be a unit vector in 
P,(S). Notice that 
< gyp 1 S,(u) - 6(a) 1 < E if u EK. (4) 
En 
Define T EL,($) by: 
T = 0 on the orthocomplement of the span of [e,] (n 2 1); 
Te,, = en,, . 
Note /I T Ij < 1. Using the estimate (4), 
II [UM T - TWll en II 3 II t&+&4 P,+IT - k&4 TP,) en II - 2~ 
> / 6n+l(a) - &(a> / - 2E. 
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In particular, for a = a, , the estimate (a) shows 
II WGJ TW%?) - T II 3 e. 
This contradicts our hypothesis, since a, -+ e. Therefore, 
A  
sup\@)-lj+O as a -+ e. 
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Q.E.D. 
The following corollary states the most important case of Theo- 
rem 2. 
COROLLARY 2. Let U(s) be a strongly continuous one-parameter 
unitary group on 5. Then U(s) is uniformly continuous if and only ij 
11 U(s) TU( - s) - T I[ -+ 0 (s + 0) for all T E L(5). 
COROLLARY 3. Suppose G is a Lie group and U(a) is a strongly 
continuous unitary representation of G on $5. Then U(a) is uniformly 
continuous if and only if (1 U(a) TU(a-I) - T II+ 0 as a -+ e, T E L(a). 
Proof. Let 8 be the Lie algebra of G, and let X, ,..., X, be a basis 
of 8. Define Vi(t) = U (exp tXJ, a strongly continuous one-para- 
meter unitary group. Corollary 2 shows that Vi(t) is uniformly 
continuous. Since (tl ,..., tn) 4-+ exp tlXI *.a exp tnXn is a local coor- 
dinate system at e, and 
as (5 ,..., t,) + (O,..., O), u(a) is uniformly continuous at e and 
therefore everywhere. Q.E.D. 
COROLLARY 4. Suppose G is a connected Lie group, U(a) is a strongly 
continuous irreducible unitary representation of G on 8, and 
II U(a) T&-l) - T II -+ 0 (a + e) fur all T E W5). (5) 
Then 4, is Jinite-dimensional. 
Proof. Corollary 2 shows that U(a) is uniformly continuous. The 
corollary then follows from a theorem of Singer ([4], Corollary 7, 
p. 246). Q.E.D. 
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COROLLARY 5. Suppose that G is a connected Lie group. If G has 
a separating set of strongly continuous irreducible unitary representations, 
each of which satisfies (5), then G is the direct product of a compact 
connected Lie group and a vector group. 
Proof. Corollary 4 says that each such representation is finite- 
dimensional. The corollary then follows as a quite special case of a 
theorem of Kadison and Singer ([2], Theorem 1, p. 420). Q.E.D. 
It is well known that a strongly continuous one-parameter unitary 
group is uniformly continuous if and only if its self-adjoint generator 
is bounded. Hence if U(s) = e isH, the spectrum of H is bounded. 
This has a natural generalization to locally compact Abelian groups, 
given in Theorem 3. We first prove a lemma. 
LEMMA 1. Let G be a locally compact Abelian group, G its dual 
group, B a subset of G. Then B has compact closure if and only if 
sup / &a) - 1 I -+ 0 
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as a-+e. (6) 
Proof. If B has compact closure, a simple compactness argument 
shows that (6) holds. Conversely, G is a subset at the unit ball of 
L”(G). If L”(G) ’ g is iven the weak -* topology, the injection of G 
into L”(G) is a homeomorphism onto its range. As is well known, 
G u (0) is compact in L”(G). Hence, to show that B has compact 
closure, it suffices to show that 0 is not a weak -* limit point of 8. 
If 0 is in the weak - * closure of Z?, for every f EL’(G) there is a 
6 E B such that 
1 jot(a) b(a) da 1 < 4 . 
Choose a compact neighborhood K of e in G such that 
for all a E K; K exists by hypothesis. Select f EL’(G) with support 
contained in K, f > 0, and Jf(a) da = 1. Then 
/ jf(a) &a) da - 1 1 = 1 if(a) (J(a) - 1) da 1 < a 
for all 6 E B. This contradicts (7). Hence 0 is not in the closure of 
lZ? in L”(G). Therefore 2 has compact closure. Q.E.D. 
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THEOREM 3. Let G be a locally compact abelian group and U(a) 
a strongly continuous unitary representation of G on H. Let I?(-) be the 
spectral measure on the Bore1 subsets of C? such that U(a) = Ji; 6(a) dI?(&) 
(by the generalized Stone theorem). Then U(a) is uniformly continuous 
if and only if I?(*) has compact support. 
Proof. Let B be the support of E(o). A well known measure- 
theoretic argument shows that 
The theorem now follows immediately from Lemma 1. 
As a trivial corollary to Theorem 3, we obtain 
Q.E.D. 
COROLLARY 6. Suppose G has a ungormly continuous representation 
U(a) whose corresponding spectral measure on c has global support. 
Then G is discrete. 
Proof. U(a) uniformly continuous, e(s) has global support shows 
G is compact. Therefore, G is discrete ([I], p. 153). Q.E.D. 
Remark. 1. Another proof of Theorem 3 may be given if we 
assume that the representation U(a) has a cyclic vector. By the spectral 
theorem, there exists a compact perfect regular measure space M 
such that U(a) is unitarily equivalent to multiplication by a continuous 
function f (a, 0) on L2(M) (c.f. [3], pp. 437-439). One checks that 
f (4 *) =f (a, l ) -f (h l ). U ni orm f continuity shows that f is con- 
tinuous in both variables (there are no exceptional null sets as in the 
general case of an arbitrary strongly continuous representation) and 
the map 
F(m) =.f(*, m) is continuous. Hence the image of F is compact. 
Because the spectral measure J?(s) on G corresponding to U(a) is 
defined by e(g) = multiplication by the characteristic function of 
F-l(f)), e(e) has compact support. 
Remark. 2. We note that a minor weakening is possible in most of 
our assumptions. It is possible to replace (5) and the strong continuity 
of U(a) by (5) and the weak measurability of U(a). Either of these 
last two assumptions alone does not imply the strong continuity of 
U(a), but taken together they do. (5) does not imply strong continuity, 
for take G to be the reals and U(s) =f(s) * I, f(s) a nonmeasurable 
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character on the reals. Nor does weak measurability of U(a) alone 
imply strong continuity since +$ may be inseparable. If x E $ is a unit 
vector, let T,(z) = (2, x) x. 
\I U(a) T,U(a-1) - T, /I 3 I/ (U(a) T,U(a--1) -- T,) x j12 
= /j (U(a-l) x, x> U(a) x -‘- x p2 
= 1 - / (U(u) x, x> 12; 
therefore, 
I <U(4 x> x> I -+ II x !I2 (a - 4 for all x E &. (7) 
It is known (cf. [5], pp. 516-517) that 6 = % @ G, where U(a) 
is strongly continuous on % and is singular on 6, in the sense that, 
given z E 6, (U(a) z, x) = 0 for almost every a E G. This contra- 
dicts (7) if 6 is nonzero. Therefore, (5) and the weak measurability 
of U(a) show that U(a) is strongly continuous. 
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